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1. Introduction 

The interrelated notions of infinite hierarchies of symmetries and conservation laws, 
recursion operators, bi-Hamiltonian structures, and differential coverings are the 
main tools in the study of integrable nonlinear partial differential equations (pdes), 
[321 [361 EQl H3l UHl EH H31 HHJ El [331 H]. In particular, a recursion operator for a pde 
is a linear map from the space of symmetries of the pde to the same space. Pro- 
cedures to find recursion operators have been proposed by many authors, see, e.g., 

[321 [9J EH [Tl [61 Sol El SHI El EHl EH1 [331 HH Hoi HS1 HZl 1231 H21 HSJ EQl [291 [25J 

EE1 S71 SHI E31 EHl [271 SH [191 E21 [30]. As a rule, recursion operators are nonlocal. 
This is one of the reasons motivating the introduction of nonlocal symmetries and, 
more generally, the development of nonlocal geometry of pdes, [20| [T8l |2~T] . In a 
majority of works recursion operators are defined as integro-differential operators, 
[SalElEIlHigiaaaElE^ although this interpretation is accompanied 

by a number of difficulties, e.g., discussed in [TD1 ED]. The alternative definition 
is proposed in [ID], [161 E] ( see a l so [H] an d references therein) and developed in 
[241 1461 [291 l25l l26l l28l [271 130] . This approach considers a recursion operator as 
an auto-Backlund transformation of the tangent (or linearized) covering of the pde. 
The machinery of recursion operators become more difficult when transitioning from 
pdes with two independent variables to multidimensional pdes. Accordingly, only a 
small number of recursion operators for PDEs in three or more independent variables 
is currently known. In [3D], M. Marvan and A. Sergyeyev proposed the method for 
constructing recursion operators of PDEs of any dimension from their linear coverings 
of a special form. By this method they found recursion operators for a number of PDEs 
of physical and geometrical significance. 
In the present paper we consider PDEs 

l^yy l^tx ~t~ UyUxx U x U X y (1) 

and 

'U'ty 'U'x'U'xy ^y^xx- (2) 

Eq. (TjQ) describes Lorentzian hyperCR Einstein- Weyl structures and is a symmetry re- 
duction of Plebanski's second heavenly equation, [5]. It belongs to the family of r-th 
modified dispersionless Kadomtsev-Petviashvili equations (rmdKP) [2], 

Uyy = U tx + 1 ) U l + U v) Uxx + KU x U xy 

Eq. (j5J) is obtained by substituting for k = —1 to the family of r-th dispersionless 
(2+l)-dimensional Harry Dym equation (rdDym) [2], 

Uty U X U X y ~\~ K>Uytl XX . 

Both Eqs. (JTJ) and (EJ are known to have two attributes of an integrable PDE. They 
are bi-Hamiltonian systems on two-dimensional generalizations of the Virasoro algebra, 
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J. Also, they have differential coverings with non-removable parameters. The 
covering 

= (A 2 - Xu x - u y ) w x , , , 

= (A — u x ) w x , 

A G K, for Eq. ([Tj) was found in [121 [5] , the covering 

= {u x - A) w x , 





(4) 

A 1 u y w Xl 

of Eq. P) was found for A = 1 in [43] and for A e K\{0} in [31]. 

Also, a hereditary recursion operator for Eq. §T§ was found in [23] . 

In the present paper, we use the technique of [30] to construct recursion operators 
for Eqs. (0Q) and (j2|). Section [2] is devoted to notation and basic definitions of the 
geometry PDEs, 03 |2Ql HEl I2D US] ■ Section [3] recalls the method of [30]. In Section 1 
we find the direct and inverse recursion operators for ([1]) and (T5]). In Section [5] we study 
actions of these operators on the contact symmetries of ((H), (T5]) and find shadows of 
nonlocal symmetries of these equations. 

2. Preliminaries 

Let tt: W n x R m -> M n , vr: (x 1 , . . . , x n , u\...,u m ) ^ (x 1 , . . . , i"), be a trivial bundle, 
and J°°(tt) be the bundle of its jets of the infinite order. The local coordinates on 
J°°(7r) are (x\u a ,uf), where / = (zi,...,z n ) is a multi-index, and for every local 
section /:IR n — > IR n x W n of 7r the corresponding infinite jet joo(f) is a section 

*»(/): R" -+ J°°(n) such that r*?&o(/)) = = - ■ We put 



//" = //;;, n y Also, in the case of n = 3, m = 1 we denote x 1 = i, x 2 = x, x 3 = y, and 



,a _ „ a 

(o,...,o)- 



u (i,j,k) ~ u t^Ax_^x / y . . . y 

• i ^ k 
The the vector fields 

d m d 

^ fe = ^ + EE u m fc q^, fc e {1, . . . , n}, 

#/>0a=l 7 

(zx, . . . , ik, ■ ■ ■ , i n ) + Ife = (h, ■ ■ ■ , h + 1, • • • , 2 n ), are called fotaZ derivatives. They 
commute everywhere on J°°(7r): [D^i, D^] = 0. 

The evolutionary differentiation associated to an arbitrary vector-valued smooth 
function tp: J 00 ^) — > M m is the vector field 

E ^=EEw)^ (5) 

#/>0q=1 7 

with D I = D {il ... An) = D%o...oD l x - n . 
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A system of pdes F r (x\ uf) = 0, #/ < s, r G {1, . . . , R} of the order s > 1 with 
R> 1, defines the submanifold £ = G J°°(7r) | D K (F r (x\uJ)) = 0, #JT > 0} 

in J°°(7r). 

A function ip: J°°(7r) — >■ M m is called a (generator of an infinitesimal) symmetry of 
£ when E V ,(F) = on £. The symmetry is a solution to the defining system 

h(<p)=0, (6) 
where 1^ = £f\e with the matrix differential operator 

The symmetry algebra sym(£) consists of solutions to ([6]). The Jacobi bracket {<p,ip} = 
E^(V') — E^,(9?) defines a structure of a Lie algebra over R on sym£. The algebra of 
contact symmetries sym (£) is the Lie subalgebra of sym(£) defined as sym(£) fl J l {^)- 

A conservation law of £ is an equivalence class of (n-l)-forms 



^i...i„_i dx h A ... A dx %n - 

;...<j„_i<n 

with b ix .„ in _ x G C 00 ^ 00 ^)) such that 



tu = 

l<ii <...<i n _i <n 



d fc o; = ^ ^(6 ll ..,„_ 1 )& fc A& 8l A...A(ii ! "- 1 = 

fc=l l<ii<...<i„— i<n 

on £. Two such forms are equivalent when their difference is a form 

n 

= J2 Yl D k {c h ... in _ 2 ) dx k A dx h A . . . A dx^- 2 , 

k=l l<ix<...<i n -2<n 

so dh.0 = 0. 

Denote W = with coordinates w s , s G N U {0}. Locally, an (infinite- 
dimensional) differential covering of £ is a trivial bundle r: J°°(7r) x W — > J°°(it) 
equipped with extended total derivatives 

00 
D xk = D xk + J2 TH(x*, uf, w j ) — (7) 

s=0 

such that [D x i,D x j] = for all i ^ j whenever {x l ,uf) G £. We define the partial 
derivatives of w s by w s k = D x k(w s ). This yields the system of covering equations 

w xk =T°(x\u?,wi). (8) 

This over-determined system of pdes is compatible whenever (x l ,uf) G £. 
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example 1. In the case of n = 3 and m = 1 consider the extended total derivatives 
A = A + - A) Wl ) -— , 

fc=0 fc 

A = ^+E Wfc + 1 ^T' ( 9 ) 

fc=0 fc 

D y = Dy + X- 1 ^D*(u y wi 



dwk 

Then define the partial derivatives of the fiber variables as w^t = D t (w^), Wf. >x — D x (wk), 
and Wk, y = Dy{wk). This implies it)/. = Wo >x ___ x (k times x), and 

Wk,t = {{u x - A) Wi)a....a., 
Wfc.y = A~ 1 (%1«l) a! .. J! . 

All these equations are differential consequences of the system 
Wo,t = («» - A) w 0i!C1 

W Q) y = \~ l UyWQ >X . 

We put w = w and get Eqs. (jlj). Thus the covering with the extended total derivatives 
(ED is defined by ®. 

Denote by the result of substitution for D x k instead of D x k in (j5J). A shadow 
of nonlocal symmetry of £ corresponding to the covering r with the extended total 
derivatives (J7|), or r-shadow, is a function ip G C°°(£ x W) such that 

E„(F) = (10) 

is a consequence of equations Dk(F) = and (JHJ). A nonlocal symmetry of £ correspon- 
ding to the covering r (or r- symmetry) is the vector field 

°° 8 

E^ = E, + 5>*--, (11) 

with A s G C°°(£ x W) such that <p satisfies to ([10]) and 

D k {A s ) = E^(T*) (12) 
for T fc s from ©, see gj Ch. 6, §3.2]. 

REMARK 1. In general, not every r-shadow corresponds to a r-symmetry, since Eqns. 
( TT2"j) provide an obstruction for existence of ( 11 ip . But for any r-shadow ip there exists a 
covering r v and a nonlocal r^-symmetry whose r^-shadow coincides with ip, see jU Ch. 
6, §5.8]. 

A recursion operator 1Z for £ is a M-linear map such that for each (local or nonlocal) 
symmetry ip of £ the function lZ(tp) is a (local or nonlocal) symmetry of ip of £. 
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The tangent covering for pde £ is defined as follows, [19J. Consider the trivial 
bundle a: J°°(tt) x Q — > J°°(tt) with coordinates qf, #1 > 0, on the fibre Q equipped 
with the extended total derivatives 

#/>0 a=l 



Then for D l = D% o . . . o D% define 

v#/>0 1 



and put 

7(£) = {(x\uf,qf) G J°°(7r) x Q \ D K (F(x\uf)) = 0, D K (£ F (q a )) = 0, #K > 0}. 

The tangent covering is the restriction of a to 7(E). A section </?:£—>■ T(£) of the 
tangent covering is a symmetry of £. The extended total derivatives of this covering are 
D x k = D x k\y(£). 

example 2. We write Eq. (j2J) in the form Ut y — u x u xy + u y u xx = 0. Then we have 
£ F (tp) = D t D y (ip) - u x D x D y (if) - u xy D x (ip) + u y D 2 x ((p) + u xx D y (<p) 

and 

£f(q) = 9(1,0,1) ~ ^9(0,1,1) — u xy q(o,i,o) + Wj/?(o,2,o) + Wxx9(o,o,i) • 

The fiber of the tangent covering has local coordinates (fo^o) and q(o,j,k)- The extended 
total derivatives of the tangent covering are 

OO OO OG q 

OO OO 

+ ^E ^ _1 ( M ^9(o,i,i) + u x y q{o,i,o) - UyQ(o,2,o) - u xx q(o,a,i)^ 



OO OO r\ OO OO r\ 



d x = D x +j2Y, q ( i >i+^7^—- + J2J2 q (° 



oo oo n 

a 



-^y = A/ + / , / , 1 (^9(o.i,i) + «ccy9(o,i,o) — %<Z(o,2,o) — Wcca;<Z(o,o,i); 

OO ~ OO OO r. 

9(oj.i) 7)—— + 2^2^ 9(oj,fc+i) 



J=0 ^(oj,o) dgcoj,*) 



remark 2. Abusing the notation, we write D\D x Dy(q) instead of q(i,j,k) i n what follows. 
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3. Recursion operators for equations with linear coverings 

The technique of is applicable to pdes with linear coverings defined by covering 
equations of the form 

n 

J2^^ = o, je{l,2}, (13) 

i=l 

with A*j G C°°( J°°(tt)). The commutativity condition for the corresponding vector fields 

n 

i=i 

coincides with Dk(F) = 0, j^K > 0. One of the key elements of the method of [30] is 
the vector field 

n 

Z = J2CD x i 

i=l 

with e C 00 ^ 00 ^)) such that 

n 

[x v z] = J2vM)D x ., je{l,2}, (14) 

8=1 

with <£> G C oc '( J°°(7r)). The pair of equations (JT41 give an over-determined system for 
the functions (\ This system is compatible whenever (p is a symmetry of £. Then we 
seek for a set of functions a 1; ... , a n either from C 00 (J 00 (7r)) or from C 00 (J 00 (7r) x W) 
such that the function 

n 

i=i 

is either a local symmetry of £ or a shadow of a nonlocal symmetry of £ corresponding 
to the covering (|T3|) . Since ^ depend on ip, then (|T5l) defines a map ^ = 7l(ip). This 
map is a recursion operator for £. 



4. Recursion operators for the the integrable rmdKP and rdDym equations 

4-1. rmdKP equation 

We apply the described above method of [30] to the covering (jBJ) of Eq. (CQ). The straight- 
forward computation shows that condition f|T4l holds if, and only if, the functions £i 
and (3 are solutions to the following over-determined system 

A(C) = (\ 2 -\U X -Uy)D x {(), 

D y (C) = (\-u x )D x ((), 
while ( 2 satisfies 

A(C2) = (A 2 — \ u x — u y ) D x (( 2 ) + (A u tx + u ty ) Ci + (A u xx + u xy ) ( 2 

+ {u tx + u y u xx + (A - u x ) u xy ) C 3 - XD x ((p) - D y (tp), ( 1 7) 

Dy(( 2 ) = (A - M x ) Ae^) + UyxCl + U xx ( 2 + U X y( 3 - D x ((f), 



(16) 
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The last system is compatible whenever ip is a symmetry of Eq. ([T]). Then we have 

theorem 1. The function aid + 0,2(2 + GI3C3 is a nonlocal symmetry of Eq. (QJ) corres- 
ponding to the covering (TJ|) whenever it is a M.-linear combination of the functions 

ip = (A 2 - A u x - u y ) Ci + C2 + (A - u x ) C 3 

and 

V=-C, (18) 

q x 

where q satisfies and ( is a solution to (Tb}) . 

remark 3. The coefficient at ( in the r.h.s. of ( fl8|) satisfies the identity 



D 2 y {v) = D t D x (v) + u y D 2 x (v) + u xx D y (v) - u x D x D y (v) - u xy D x (v). 

Therefore, the function l/q x is a shadow of a nonlocal symmetry of Eq. (pQ) corresponding 
to the covering ([3]). 

Since (1, £ 3 satisfy (fTBj) and ( 2 satisfies (iTTj) . then ip is a solution to the following 
over-determined system 

D t (ip) = (A 2 - Aits - A(V0 + (Aum + m^) (2^ - ^D x ((p) - D y ((p), 
D y (ip) = (A - u x ) D x {ip) + u xx ip - D x (if), ' 

This system is compatible whenever ip is a symmetry of Eq. (CQ). Each solution ip to 
this system is a symmetry of ([1]), too. Therefore, Eqs. ( 1T91) define a recursion operator 
^ = 71(f) for (JT]). We express D x ((p) and D y (<p) from ({191) : 

A(v) = u x ) D x (ip) - D y (ip) +u xx ip, 

Dy(cp) = A A(V') - A(V0 - Uy D x (ljj) + U xy lp. 

This system is compatible whenever ip is a symmetry of ([1]). Whence (1201) defines the 
inverse recursion operator ip = 7£ _1 (■?/>). Both systems ( Tl9i) and ( 1201) define Backlund 
transformations for the tangent covering of Eq. ([1]). 

4-2. rdDym equation 

For Eq. ([2]) the computations are very similar to those of the previous subsection. Eqs. 
fTH|) yield two systems 

A(C) = K-A)A(C), mi 
A(C) = a-^d.CC), 1 J 

and 

A(Ca) = ("a - A) A,(C2) - «fa> Cl - U xx C2 - U xy ( 3 + D x ((p), ^ 

Dy(( 2 ) = A" 1 (Uy D x (( 2 ) - (U X U X y - UyU XX ) Cl - U X y ( 2 ~ Uyy ( 3 + Dy(<fi)) , 



such that Ci and £3 are solutions to (1221) . while the system for ( 2 is compatible whenever 
ip is a symmetry of (j2J). Then routine computations give 
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theorem 2. The function aid + a 2(2 + a 3C3 a nonlocal symmetry of Eq. (TJ|) corres- 
ponding to the covering if, and only if, it is a WL-linear combination of the functions 

V> = (u x - A) Ci + C2 + A" 1 u y ( 3 (23) 

and 

V = -C, (24) 
where q and ( meet @) and l[21\) . respectively. 

remark 4. The coefficient at ( in the r.h.s. of ff24l) is a solution of the following 
equation: 

D t D y (v) = u x D x D y (v) + u xy D x (v) - u y D 2 x (v) - u xx D y (v). 

Therefore, the function l/q x is a shadow of a nonlocal symmetry of Eq. ([2]) corresponding 
to the covering (j4j). 

The function ( 123]) is a solution to the system system 

AC0) = (Wx - A) Ac(V0 ~Uxx^ + D x (if), . . 

D y (ip) = X- 1 (u y D x ^)-u xy ^ + D y ( V )), [ > 

This auto-Backlund transformation for the tangent covering of (j2]) defines the recursion 
operator ip = TZ((f). The inverse recursion operator if = lZ~ l (ip) is defined by the 
system 

D t (<p) = D t (ip) + (A - u x ) D x (ip) + u xx ip 

Dy((f) = \Dy(lp) ~ U y D x (tp) +U Xy ll). ' 

5. Actions of recursion operators on contact symmetries 

We consider actions of the recursion operators ( fl9l) . ( J25l) and their inverses (l20l) . fl26l) 
to the contact symmetries of the corresponding Eqns. ([T]) and ([2]). The standard com- 
putational procedures f36l H9J [131 EH El [331 H] provide generators G sym (£). When 
are known, we solve Eqns. f[T$l) and f[23|) for ^ = 7Z(ip). To find actions of IZ^ 1 on 
contact symmetries, we consider ip in ([20]) . (126!) to be known elements of sym (£) and 
then solve these systems for (p. For both Eqns. (CQ) and ([2]) it appears to be easier to 
find actions of IZr 1 than ones of TZ, so we start from 1Z~ 1 in both cases. 

5.1. rmdkP equation 

The infinitesimal generators of the contact symmetry algebra for Eq. ([1]) are 
(p (A ) = A u t + \ (2 A' x + A'y) u x + A' y u y - A' u - A'^x y-\ A'^y 3 , 

<P\(A X ) = A[yu x +A 1 u y -A' 1 x-~ A"y 2 , 
ip 2 (A 2 ) = A 2 u x - A' 2 y, 
<fi 3 (A 3 ) = A 3 , 
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(p A = 2xu x + yu y - 3 m, ip 5 = yu x -2x, 

where Aj together with below are arbitrary smooth functions of the variable t. The 
commutators for these generators read 

{<Pj{Aj),<pk(B k )} = 



W+kiAjB'k-BkA'j), 0<j + k<3, 
0, j + k > 3, 



{<Pk(A k ),ip4} = k(pk(A k ), < k < 3, 
{ip (A ),ip 5 } = {ip 3 (A 3 ),(p 5 } = 0, 

{<p 2 (A 2 ),<p 5 } = 2<p 3 (A 2 ), 
{^4,^5} = -<ps- 

We denote by Qj the spans of ipj(Aj) when Aj e C°°(R), < j < 3, and put 
0o = 0o © R^4, 0i = 0i © Rys, 02 = 02, 03 = 03- Then the contact symmetry al- 
gebra of (CQ) sym (£) = 0o © 0i © 02 © 03 has the following grading 

0o, j + k = 0, 

{flj, Qk} = { 5j+k, < j + k < 3, 
0, j + k > 3. 



The solutions to Eqns. (1201) are defined up to adding their arbitrary solution with 
■0 = 0, i.e., an arbitrary element of the subalgebra 03. We will not write these elements 
explicitly, or, in other words, we will consider factor spaces w.r.t. 3 . For ip = (Pj(Aj) 
with 1 < j < 3 and ip = (p$ we get local solutions 

^- 1 ( v ?i(A 1 )) = -ip Q (A x ) + XipxiAJ, 
K- l {y 2 {A 2 )) = - Vl {A 2 ) + \ V2 (A 2 ), 

n- 1 (<p 3 (A 3 )) = <p 2 (A 3 ), 

Further, we have 

TZ-\MAo)) = s + ^/ 4 V) + \v 2 (3 x - y(u x + A)) A " 
1 

+ - (y {Xy - 2x)u x - y 2 u y + x 2 - 2 Xxy)) A% 

- (y u t + (u - A x) u x + (x - A y) u y + 2 u) A' + A u t A , (27) 
where so is a solution to the following compatible system 




Vu x Aq + {u 2 + u y ) A' - (u ty + u x u tx - u t u xx ) A , 
(y u y + u) Aq + {u t + 

) A' Q - {U t y + U t U X y - UyU XX ) Aq . 



(28) 
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In other words, Sq is a potential of the conservation law 

ds Adt=((yu y + u) A'q + (u t + u x u y ) A' - (u ty + u t u xy - u y u xx ) A ) dx A dt 

+ (y u x Aq + (u 2 x + u y ) A' Q - (ut y + u x u tx - u t u xx ) A ) dy A dt 
of Eq. (00) . For <yj 4 we get 

7?. _1 ((^4) = A S4 — y u t + (2 \ x — 3 u) u x + (\ y — 2 x) u y — 3 \ u, (29) 
where s 4 is a solution to 



S4,as — Uy -\- U x , 



(30) 



^4,2/ — u t U x Uy, 

that is, a potential of the conservation law 

<is 4 Adt = (ut + u x u y ) dx Adt + (u y + u x ) dy A dt. 

Thus the action of 1Z~ 1 to ipo(Ao) and y?4 provides shadows of nonlocal symmetries to 
Eq. (JTJ): the infinite set (|27|) corresponds to the covering (|28|) . and (|29|) corresponds to 
the covering ( J30l . 

Factorizing w.r.t. solutions of Eqs. ([191) with y> = 0, we have 
ft(v?i(Ai)) = -^ 2 (Ai) + A^ 3 (Ai), 

ft(y> 2 (A 2 )) = <p 3 (A 2 ), 

K(<p 3 (A 3 )) = 0, 

while the solutions 1Z(<po(A )), TZ(<fi), H{<P5) of (TT9|) with = <^ (A))> V 9 = ^4; an d 
ip = (p§, respectively, are shadows of new nonlocal symmetries of Eq. (CQ). 

5.2. rdDym equation 

The Lie algebra of contact symmetries of Eq. (j2J) is generated by 
^o(A ) = u t A + x u x A' Q -uA' + ^x 2 Aq, 
(pi(Ai) = u x A 1 + xA' 1 , 
ip 2 {A 2 ) = A 2 , 
<Pz{Bi) = u y B 1 , 
(f^ = x u x — 2 it, 

where Aj and below are arbitrary functions of t, and Bj are arbitrary functions of 
y. The generators have the following commutators: 



{< Pj (A 3 ),<p 3 (B 1 )} = 0, 0<]<2 



W+kiAjC't-CkA'j), 0<] + k<2, 
0, j + k > 2, 
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{(p k (A k ), y? 4 } = k ¥k(A k ), < k < 2, 
{ ( p 3 (B 1 ), ( p 3 (B 2 )} = <p 3 (BiB' 2 - B 2 B[), 
{<p 3 (B 1 ),<p 4 } = Q 

With Bj = {(fj(Aj) | Aj e C°°(M)}, < j < 2, t) = {cp 3 {B) | B e C°°(M)}, 
0o = 0o ©K^4, 0i = 0i, 02 = 02, and = O © 0i © 02 we have sym (£) = g © fj, 
{s, — 0, {fy> fy} = t), while the subalgebra has the following grading 

{0o, j + k = 

Qj+k, 0<j + k<2, 
0, j + k > 2. 

Then up to adding arbitrary solutions of (1251) we have 

= ^(Ai) + \<pi(Ai), 

n- 1 (i P2 (A 2 )) =i Pl (A 2 ), 

n-\<p 3 (B 1 )) = \<p 3 (B l ), 

while 

ft-^oC^O) = s + lx 3 A'£ + - (xu x -2u + Xx)Al 
o 2 

+ (x («t + A u x ) - u (u x + X))A' + ut (u x + A) A + A 3 , (31) 
where sq is a solution of the system 



Sq, x = A (u u - 2 u x u tx ) - A (w t 



u 



2 ) 



(32) 



&0,y — AQlL x Uy A\ {iLyUtx ~\~ ^x^xy U x UyU xx ), 

that is a potential of the conservation law 

ds Adt = (A' u x u y - Ai (u y u tx + u 2 x u xy - u x u y u xx ))dy A dt 
+ (A (u a - 2 u x u tx ) - A' (u t - u 2 x )) dx A dt, 

and 

"ftT 1 (y3 4 ) = 3s 4 + x-Ui — 2-UM2. — 2Am (33) 
where s 4 meets 

2 

S^y U x Uy, 

and therefore defines a conservation law 

ds^ A dt = {u 2 x — Ut) dx A dt + u x u y dy A dt 

of (f2"l) . Whence Eq. (|2j) has the infinite set of shadows of nonlocal symmetries (|3~T!) 
corresponding to the covering ( 1321) and ( 1331) corresponding to the covering (IMjl . Also, 
factorizing w.r.t. arbitrary solutions of fl26j) we have 

7e(^ (^o)) = ¥>i(A) -X(p 2 (A ), 
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K{<p 1 {A 1 ))=<p 2 {A 1 ), 

n{^ 2 {A 2 )) = o, 

n{< P 3{B 1 )) = \- 1 <pz{B 1 ), 

while the solution TZ((p4) to (1261) with (p = (p^ is a shadow of new nonlocal symmetry of 
Eq. 

6. Conclusion 

In this paper we used the construction of [30J to find recursion operators for integrable 
cases of the rmdKP and rdDym equations. As a byproduct of computations, we found 
shadows of nonlocal symmetries of these equations corresponding to their coverings 
with nonremovable parameters (Remarks 3 and 4). Also, we studied actions of the 
recursion operators to contact symmetry algebras of (JI|), (j2|) and found shadows of 
nonlocal symmetries corresponding to coverings generated by conservation laws. As it 
is noted in Remark 1, every shadow if provides a nonlocal symmetry in the corresponding 
covering of §Q) and ([2j). The structure of the spaces of nonlocal symmetries of Eqns. 
(JTJ) and (EJ) is a subject of a further study. Another promising field of research is 
an application of the useful method of [30] to other pdes with linear coverings which 
have non-removable parameters. Also, the problem of finding recursion operators for 
nonlinear coverings of PDEs in more than two independent variables seems to be very 
interesting and important. 
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